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All of the approaches discussed in this chapter have considered the reliability of a measure
in terms of the variance of observed scores and the variance of latent scores. Although the
e!ect of items is considered in terms of how the items intercorrelate, items are assumed to
sampled at random from some universe of items. Reliability is a characteristic of the test
and of a sample of people. A testÕs reliability will be increased if the true score variance is
increased, but this can be done in a somewhat artiÞcial manner. Consider a class of Þrst year
graduate students in psychometrics. An exam testing their knowledge will probably not be
very reliable in that the variance of the studentsÕ knowledge is not very great. But if several
Þrst year undergraduates who have not had statistics and several psychometricians are added
to the group of test takers, suddenly the reliability of the test is very high because the between
person variance has increased. But the precision for evaluating individual di!erences within
the set of graduate students has not changed. What is needed is a model of how an individual
student responds to an individual item rather than how a group of students responds to a
group of items (a test). In the next chapter we consider how these ideas can be expanded
to include a consideration of how individual items behave, and how it is possible to get an
estimate of the error associated with the measure for a single individual.





Chapter 8
The ÒNew PsychometricsÓ Ð Item Response
Theory

Classical test theory is concerned with the reliability of a test and assumes that the items
within the test are sampled at random from a domain of relevant items. This ledMellenbergh
(1996) to the distinction between theories of tests (Lord and Novick, 1968) and a theories
of items (Embretson and Hershberger, 1999; Embretson and Reise, 2000; Lord, 1952; Rasch,
1960; Van der Linden and Hambleton, 1997). The so-called ÒNew PsychometricsÓ is a theory
of how people respond to items and is known asItem Response Theoryor IRT . Over the
past twenty years there has been explosive growth in programs that can do IRT, and within
R there are at least three very powerful packages:eRm (Mair and Hatzinger, 2007), ltm

Rizopoulos (2006) and lme4 (Doran et al., 2007).
In the discussion of CoombsÕTheory of Data the measurement of attitudes and abilities

(2.9) were seen as examples of comparing an object (an item) to a person. The comparison
was said to be one of order (for abilities) or of distance (for attitudes). The basic model was
that for ability there is a latent value for each person, θi and a latent di"culty δ j for each
item. The probability of a particular person getting a speciÞc ability item correct was given
in Equation 2.14 and is

prob(correct|θ ,δ ) = f (θ ! δ ) (8.1)

while for an attitude, the probability of item endorsement is

prob(endorsement|θ ,δ ) = f (|θ ! δ |) (8.2)

and the question becomes what are the functions that best represents the data.
At the most general level, the probability of being correct on an item will be a monotoni-

cally increasing function of ability while the probability of endorsing an attitude item will be
a single peakedfunction of the level of that attitude. Although the distinction between ability
and attitude scaling is one of ordering versus one of distance seems clear, it is unclear which
is the appropriate model for personality items. (Ability items are thought to reßect maxi-
mal competencies while personality items reßect average or routine thoughts, feelings and
behaviors.) Typical analyses of personality items assume the ordering model (Equation8.1)
but as will be discussed later (8.5.2) there are some who recommend the distance model
(Equation 8.2). The graphic representation of the probability of being correct or endorsing
an item shows thetrace line of the probability plotted as a function of the latent attribute
(Lord, 1952). Compare Figures 2.9 and 2.10. A trace line is also called anitem characteris-
tic curve or icc which should not be confused with anIntra-Class Correlation (ICC ). Two
requirements for the function should be that the trait (ability or attitude) can be unbounded
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(there is always someone higher than previously measured, there is always a more di"cult
item) and that the response probability is bounded (0,1). That is ! ! < θ < ! , ! ! < δ < !
and 0 < p < 1. The question remains, what are the best functions to use?

8.1 Monotonic trace lines: the measurement of ability

An early solution to this question for the ability domain was proposed by Guttman (1950)
and was a deterministic step function with no model of error (Equation2.16). However, items
do have error and thus two common probabilistic models are thecumulative normal (2.17)
and the logistic model (2.18). Although these models seem quite di!erent, with the addition
of a multiplicative constant (1.702) these two models appear to be almost identical over the
range from -3 to 3 (Figure2.8) and because the logistic function is easier to manipulate, many
derivations have been done in terms of the logistic model. However, asSamejima(2000) has
noted, even with identical item parameters, these two models produce somewhat di!erent
orderings of subjects. Even so, it is probably clearer to Þrst discuss the logistic function and
then consider some alternative models.

8.1.1 Rasch Modeling - one parameter IRT

If all items are assumed to equally good measures of the trait, but to di!er only in their
di"culty, then the one parameter logistic (1PL) Rasch model(Rasch, 1960) is the easiest to
understand:

p(correcti j |θi ,δ j ) =
1

1+ eδ j ! θi
. (8.3)

That is, the probability of the ith person being correct on thejth item is a logistic function
of the di!erence between the item di"culty and the personÕs ability. To estimate a personÕs
ability we need only know the probability of being correct on a set of items and the di"culty
of those items. Similarly, to estimate item di"culty, we need only know the probability of
being correct on an item and the ability of the people taking the item. Wright and Mok
(2004) liken this to the problem of a comparing high jumpers to each other in terms of their
ability to jump over fences of di!erent heights. If one jumper is more likely to jump over a
fence of a particular height than is another, or equally likely to clear a higher fence than the
other, it is the ratio of likelihoods that is most useful in determining relative ability between
people as well as comparing a person to an item.

The probability of missing an item is just 1 - p(correct) and thus the odds ratio of being
correct for a person with ability, θi , on an item with di"culty, δ j is

ORi j =
p

1! p
=

p
q

=

1
1+ eδ j ! θi

1! 1
1+ eδ j ! θi

=

1
1+ eδ j ! θi

eδ j ! θi

1+ eδ j ! θi

=
1

eδ j ! θi
= eθi ! δ j . (8.4)

That is, the odds ratio will be a exponential function of the di!erence between a personÕs
ability and the task di"culty. The odds of a particular pattern of rights and wrongs over n
items will be the product of n odds ratios
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ORi1ORi2 . . .ORin =
n

"
j= 1

eθi ! δ j = enθi e! # n
j= 1 δ j . (8.5)

Substituting P for the pattern of correct responses and Q for the pattern of incorrect re-
sponses, and taking the logarithm of both sides of equation8.5 leads to a much simpler
form:

ln
P
Q

= nθi +
n

#
j= 1

δ j = n(θi + øδ ). (8.6)

That is, the log of the pattern of correct/incorrect for the ith individual is a function of the
number of items * (θi - the average di"culty). Specifying the average di"culty of an item as
øδ = 0 to set the scale, thenθi is just the logarithm of P/Q divided by n or, conceptually, the
average logarithm of the p/q.

θi =
ln P

Q

n
(8.7)

Similarly, the pattern of the odds of correct and incorrect responses across people for a
particular item with di"culty δ j will be

OR1jOR2j . . .ORn j =
P
Q

=
N

"
i= 1

eθi ! δ j = e# N
i= 1(θi )! Nδ j (8.8)

and taking logs of both sides leads to

ln
P
Q

=
N

#
i= 1

(θi ) ! Nδ j . (8.9)

Letting the average ability øθ = 0 leads to the conclusion that the di"culty of an item for all
subjects, δ j , is the logarithm of Q/P divided by the number of subjects, N .

δ j =
lnQ

P

N
(8.10)

That is, the estimate of ability (Equation 8.7) for items with an average di"culty of 0 does
not require knowing the di"culty of any item, but is just a function of the pattern of corrects
and incorrects for a subject across all items. Similarly, the estimate of item di"culty across
people ranging in ability, but with an average ability of 0 (Equation 8.10) is a function of
the response pattern of all the subjects on that one item and does not depend upon knowing
any one personÕs ability. The assumptions that average di"culty and average ability are 0
are merely to Þx the scales. Replacing the average values with a non-zero value just adds a
constant to the estimates.

The independence of ability from di"culty implied in equations 8.7 and 8.10 makes es-
timation of both values very straightforward. These two equations also have the important
implication that the number correct ( n øp for a subject, N øp for an item) is monotonically, but
not linearly related to ability or to di"culty. That the estimated ability is independent of the
pattern of rights and wrongs but just depends upon the total number correct is seen as both
a strength and a weakness of the Rasch model. Consider the case of 1000 subjects taking theelaborate additiviity
Law School Admissions Exam (the LSAT). This example is taken from a data set supplied by
Frederic Lord to Bock and Lieberman(1970), which has been used byMcDonald (1999) and
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is included in both the ltm and the psych package. The original data table from Bock and
Lieberman (1970) reports the response patterns and frequencies of Þve items (numbers 11 -
15) of sections 6 and 7. Section 6 were highly homogeneous Figure ClassiÞcation items and
Section 7 were items on Debate. This table has been converted to two data sets:lsat6 and
lsat7 using the table2df function. Using the describe function for descriptive statistics
and then the rasch function from ltm gives the statistics shown in Table8.1. The presumed
item characteristic functions and the estimates of ability using the model are seen in Fig-
ure 8.1. Simulated Rasch data can be generated using thesim.rasch function in psych or
the mvlogis function in ltm.

What is clear from Table 8.1 is that these items are all very easy (percent correct endorse-
ments range from .55 to .92 and the Rasch scaled values range from -1.93 to -.20). Figure8.1
shows the Þve parallel trace lines generated from these parameters as well as the distribution
of subjects on an underlying normal metric.redraw to get both

on the same scale

Table 8.1 Given the 1000 subjects in the LSAT data set (taken from Bock and Lieberman (1970),
the item di!culties may be found using the Rasch model in the ltm package. Compare these di!culties
with the item means as well as the item thresholds, τ. The items have been sorted into ascending order
of item di!culty using the order and colMeans functions.

data(bock)
> ord <- order(colMeans(lsat6),decreasing=TRUE)
> lsat6.sorted <- lsat6[,ord]
> describe(lsat6.sorted)
> Tau <- round(-qnorm(colMeans(lsat6.sorted)),2) #tau = estimates of threshold
> rasch(lsat6.sorted,constraint=cbind(ncol(lsat6.sorted)+1,1.702))

var n mean sd median trimmed mad min max range skew kurtosis se
Q1 1 1000 0.92 0.27 1 1.00 0 0 1 1 -3.20 8.22 0.01
Q5 2 1000 0.87 0.34 1 0.96 0 0 1 1 -2.20 2.83 0.01
Q4 3 1000 0.76 0.43 1 0.83 0 0 1 1 -1.24 -0.48 0.01
Q2 4 1000 0.71 0.45 1 0.76 0 0 1 1 -0.92 -1.16 0.01
Q3 5 1000 0.55 0.50 1 0.57 0 0 1 1 -0.21 -1.96 0.02

> Tau
Q1 Q5 Q4 Q2 Q3

-1.43 -1.13 -0.72 -0.55 -0.13

Call:
rasch(data = lsat6.sorted, constraint = cbind(ncol(lsat6.sorted) +

1, 1.702))

Coefficients:
Dffclt.Q1 Dffclt.Q5 Dffclt.Q4 Dffclt.Q2 Dffclt.Q3 Dscrmn

-1.927 -1.507 -0.960 -0.742 -0.195 1.702

Because the person and item parameters are continuous, but the response patterns are
discrete, neither person nor item will Þt the Rasch model perfectly. The residual for the
pairing of a particular person with ability θi for a particular item with di"culty δ j will be
di!erence between the observed response,xi j , and the modeled response,pi j

xi j ! Pi j = xi j !
1

1+ eθi ! δ j
.
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Fig. 8.1 The rasch function estimates item characteristic functions as well as the distribution of
ability for the various response patterns in the lsat6 data set. All Þve items are very easy for this
group. Graphs generated by plot.rasch and plot.fscores in the ltm package.

Becausepi j is a binomial probability it will have variance pi j (1 ! pi j ). Thus, the residual
expressed asz score will be

zi j =
xi j ! Pi j!
pi j (1! pi j )

and the square of this will be aχ2 with one degree of freedom. Summing this over all n items
for a subject and dividing by n yields a goodness of Þt statistic,outÞt, which represents the
Òout-lier sensitive mean square residual goodness of Þt statisticÓ for the subject, theperson
outÞt, (Wright and Mok , 2004, p 13)

ui =
n

#
j= 1

z2
i j / n (8.11)

with the equivalent item outÞt based upon the sum of misÞts across people for a particular
item
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uj =
N

#
i= 1

z2
i j / N. (8.12)

Because theoutÞt will be most responsive to unexpected deviations (missing an easy item
for a very able person, or passing a di"cult item for a less able person), theinÞt statistic is
the Òinformation weighed mean square residual goodness of Þt statisticÓ (Wright and Mok ,
2004, p 13). The weight, Wi j is the varianceWi j = pi j (1! pi j ) and the person inÞt is

vi =

n

#
j= 1

z2
i jWi j

n

#
j= 1

Wi j

(8.13)

(Wright and Mok , 2004). The inÞt and outÞt statistics are available in the eRm package by
Mair and Hatzinger (2009).

In addition to the lsat6 and lsat7 data sets, a sample data set that has been very well
documented includes BondÕs Logical Operations Test (BLOT ) (Bond, 1995) and the Piage-
tian Reasoning Task (PRTIII by Shayer et al. (1976)) the data for which may be found
online at http://homes.jcu.edu.au/~edtgb/book/data/Bond87.txt or in the introduc-
tory text by Bond and Fox (2007). By copying the data into the clipboard and using the
read.clipboard.fwf function to read a Þxed width formatted Þle, we are able to compare
the results from the ltm and eRm packages with some of the commercial packages such
as WINSTEPS (Linacre, 2005). It is important to note that the estimates of these three
progams are not identical, but are rather linear transforms of each other. Thus, theqnorm
of the colMeans, and the rasch estimates from ltm will match the RMestimates from eRm
if the slopes are constrained to be one, and an additive constant is added. TheRMestimates
di!er from the WINSTEPS merely in their sign, in that RMreports item easinessestimates
while WINSTEPS reports item di!culty . Finally, RMby default forces the mean di"culty
to be 0.0, while rasch does not. This agreement is also true for the person estimates, which
are just inverse logistic, orlogit , transforms of the total score. This is seen by some the
power of the Rasch model in that it is monotonic with total score. In fact, the θ estimate is
just a logit transformation of total score expressed as a percent correct,øP, and the percent
incorrect, øQ = 1! øP

θi = ! ln(
1
øPi

! 1) = ln(
øPi
øQi

). (8.14)

That is, for complete data sets, Rasch scores are easy to Þnd without the complexity of various
packages. But the power of the Rasch (and other IRT models) is not for complete data, but
when data are missing or when items are tailored to the subject (see8.7). Additionally, by
expressing person scores on the same metric as item di"culties, it is easy to discover when
the set of items are too di"cult (e.g., the PRT) or too easy (e.g., the BLOT) for the subjects
(Figure 8.2).

Good introductions to the Rasch modelinclude a chapter by Wright and Mok (2004), and
texts by Andrich (1988) and Bond and Fox (2007). Examples of applied use of theRasch
model for non-ability items include developing short forms for assessing depression (Cole
et al., 2004) and the impairment in oneÕs daily life associated with problems in vision (Denny
et al., 2007). For depression, an item that is easy to endorse is ÒI felt lonelyÓ while ÒPeople
were unfriendlyÓ is somewhat harder to endorse, and ÒI felt my life had been a failureÓ is
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Fig. 8.2 The plotPImap function in the eRm package plots the distribution of the the person scores
on the same metric as the item di!culties. While the hardest BLOT item is easier than the ability
of 22% of subjects, the PRT items are much harder and all except two items are above 30% of the
subjects. In that the subjects are the same for both tests, that the distribution of latent scores is not
equivalent suggests problems of precision.

much harder to endorse (Cole et al., 2004). For problems with oneÕs vision, many people will
have trouble reading normal size newsprint but fewer will have di"culty identifying money
from a wallet, and fewer yet will have problems cutting up food on a plate (Denny et al.,
2007).

8.1.2 The normal ogive Ð another one parameter models

The Rasch model is based upon a logistic function rather than the cumulative normal. As
shown earlier, with the multiplication of a constant, these functions are practically identical,
and the logistic is relatively easy to calculate. However, with modern computational power,
ease of computation does not compensate for di"culties of interpretation. Most people would
prefer to give more credit to getting a di"cult item correct than getting an easy item correct.
But the logistic solution will give equal credit to any response pattern with the same number
of correct items. (To the proponents of the Rasch model, this is one of its strengths, in that
Rasch solutions are monotonic with total score.) Thecumulative normal model (also known
as thenormal ogive or the one parameter normal,1PN , model) gives more credit for passing
higher items:

p(correct|θ ,δ ) =
1

"
2π

" θ ! δ

! inf
e! u2

2 du (8.15)

where u = θ ! δ . By weighting the squared di!erence between a person and an item, greater
weight is applied to missing extremely easy and passing extremely hard items than missing
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or passing more intermediate items. This will lead to scores that depend upon the particular
pattern of responses rather than just total score. The di!erence between these two models
may be seen in Figure8.3which compares logistic and normal ogive models for the 32 possible
response patterns of Þve items ranging in di"culty from -3 to 3 (adapted from Samejima
(2000). Examine in particular the response patterns 2-7 where the score estimate increases
even though the number correct remains 1.

Another strength of the cumulative normal or normal ogive model is that it corresponds
directly to estimates derived from factor analysis of the tetrachoric correlation matrix (Mc-
Donald, 1999). This is more relevant when two parameter models are discussed, for then the
factor loadings can be translated into the item discrimination parameter (8.3).

The cumulative normal model, however, has an interesting asymmetry, in that for a pattern
of all but one wrong item, the di"culty of the one passed item determines the ability estimate,
while for a set of items that are all passed except for one failure, the di"culty of the failed
item determines the ability estimate. This leads to the non-intuitive observation that getting
the hardest four of Þve items correct shows less ability than getting all but the hardest
item correct (Samejima, 2000). Consider Þve items with di"culties of -3, -1.5, 0, 1.5 and
3. These Þve items will lead to the 32 response patterns although scores can only be found
for the cases of at least one right or one wrong. IRT estimates of score using the cumulative
normal model range -2.28 to 2.28 and correlate .93 with total correct. IRT estimates using the
logistic function also range from -2.28 to 2.28 and correlate 1.0 with total correct. However,
the logistic does not discriminate between di!erences in pattern within the same total score
while the cumulative normal does (data in Figure 8.3 adapted from Samejima (2000). To
Rasch enthusiasts, this is a strength of the Rasch model, but to others, a weakness. An
alternative, discussed bySamejima (1995, 2000), is to add an acceleration parameter to the
logistic function which weights harder items more than easy items. This generalization is
thus one of the many two and three parameter models that have been proposed.

8.1.3 Parameter estimation

The parameters of classical test theory, total score and item-whole correlations are all easy
to Þnd. The parameters of IRT, however, require iterative estimation, most typically using
the principal of maximimum likelihood and the assumption of local independence. That is,
for a pattern of responses,v, made up of individual item responsesuj with values of 0 or 1,
the probability, P, of passing an item and the probability, 1! P = Q, of failing an item has a
probability distribution function of Uj of a response on thejth item that depends upon the
subjectÕs ability,θi , and characteristics of the item di"culty, δ j :

f j (uj |θ ) = Pj (θi )uj Qj (θi )1! uj (8.16)

then, with the assumption of local independence, the probability of data patternu of successes
and failures is the product of the individual probabilities

L( f ) =
n

"
j= 1

Pj (θi )uj Qj (θi )1! uj (8.17)

Lord and Novick (1968) and, by taking logarithms
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Fig. 8.3 For 32 response patterns of correct (1) or incorrect (0), the estimated scores from the logistic
function do not discriminate between di"erent response patterns with the same total score. The cu-
mulative normal model does, but has some problematic assymetries ( Samejima, 2000). The solid line
represents the cumulative normal scores, the dashed line the logistic estimates. Neither model can Þnd
estimates when the total is either 0 or 5 (all wrong or all correct).

lnL( f ) =
n

#
j= 1

[xj lnPj + ( 1! xj )ln(Qj )] (8.18)

(McDonald, 1999, p 281).
The best estimate for θi is then that value that has the maximum likelihood which may

be found by iterative procedures using theoptim function or IRT packages such asltm or
eRm.

8.1.4 Item information

When forming a test and evaluating the items within a test, the most useful items are the ones
that give the most information about a personÕs score. In classic test theory,item information
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is the reciprocal of the standard error for the item or for a one factor test, the ratio of the
item communality to its uniqueness:

I j =
1

σ2
ej

=
h2

j

1! h2
j
.

When estimating ability using IRT, the information for an item is a function of the Þrst
derivative of the likelihood function and is maximized at the inßection point of the icc. The
information function for an item is

I ( f ,xj ) =
[P#

j ( f )]2

Pj ( f )Qj ( f )
(8.19)

(McDonald, 1999, p 285). For the 1PL model, P#, the Þrst derivative of the probability
function Pj ( f )) = 1

1+ eδ ! θ is

P#=
eδ ! θ

(1+ eδ ! θ )2
(8.20)

which is just PjQj and thus the information for an item is

I j = PjQj . (8.21)

That is, information is maximized when the probability of getting an item correct is the same
as getting it wrong, or, in other words, the best estimate for an itemÕs di"culty is that value
where half of the subjects pass the item. Since the test information is just the sum of the
item information across items, a test can be designed to provide maximum information at
a particular point by having items of a particular di"culty, or it can be designed to have
relatively uniform information across a range of ability by having items of di!erent di"culties.

8.1.5 Two parameter models

Both the one parameter logistic(1PL) and the one parameter normalogive (1PN ) models as-
sume that items di!er only in their di"culty. Given what we know about the factor structure
of items, this is unrealistic. Items di!er not only in how hard they are to answer, they also
di!er in how well they assess the latent trait. This leads to the addition of a discrimination
parameter, α, which has the e!ect of magnifying the importance of the di!erence between
the subjectÕs ability and the item di"culty. In the two parameter logistic (2PL) model this
leads to the probability of being correct as

p(correcti j |θi ,α j ,δ j ) =
1

1+ eαi (δ j ! θi )
(8.22)

while in the two parameter normal ogive (2PN ) model this is

p(correct|θ ,α j ,δ ) =
1

"
2π

" α(θ ! δ )

! inf
e! u2

2 du (8.23)
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where u = α(θ ! δ ).
The addition of the discrimination parameter leads to both a better Þt to the data but

also leads to non-parallel trace lines. Thus, an item can be both harder at low levels of ability
and easier at high levels of ability (Figure8.4). Indeed, the trace lines for two estimates ofθ
will cross over when

θi j =
αiδi ! α jδ j

αi ! α j
(8.24)

(Sijtsma and Hemker, 2000). This leads to a logical problem. By improving the intuitive
nature of the theory (that is to say, allowing items to di!er in their discriminability) we have
broken the simple additivity of the model. That is, with the 1PL model, if one person is
more likely to get an item with a speciÞc level of di"culty correct than is another person,
then this holds true for items with any level of di"culty. That is, items and people have
an additive structure. But, with the addition of the discrimination parameter, rank orders
of the probability of endorsing an item as a function of ability will vary as a function of
the item di"culty. It is this failure of additivity that leads some (e.g.,Cli! (1992); Wright
(1977); Wright and Mok (2004)) to reject any generalizations beyond the Rasch model.
For, by violating additivity, the basic principles of fundamental measurement theory are
violated. In a comparison of 20 di!erent IRT models (10 of dichotomous responses, 10 for
polytomous responses)Sijtsma and Hemker(2000) show that only the 1PL and 1PN models
for dichotomous and the RSM and PCM models for polytomous items have this important
property of not having item functions intersect each other. The RSM and PCM models are
discussed below.

8.1.6 Three parameter models

The original work on IRT was developed for items where there was no guessing, getting the
right answer when adding up a column of numbers (Lord, 1952). But, when taking a multiple
choice ability test with n alternatives it is possible to get some items correct by guessing.
Knowing nothing about the material one should be able to get at least 1/n% correct by
random guessing. Items can di!er in how much they attract guesses for people who know
very little about the material and thus a third item parameter can be introduced, the guessing
parameter, γ:

p(correcti j |θi ,α j ,δ j ,γ) = γ +
1! γ

1+ eαi (δ j ! θi )
(8.25)

(Figure 8.5 upper panel). Unfortunately, the addition of the guessing parameter increases the
likelihood that the trace lines will intersect and thus increases the non-additivity of the item
functioning.

8.1.7 Four parameter models

Some items are so di"cult that even with extreme levels of a trait not everyone will respond
to the item. That is, the upper asymptote of the item is not 1. Although Reise and Waller
(2009) have shown that including both a lower (γ) and upper (ζ ) bound to the item response
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Fig. 8.4 By adding a discrimination parameter, the simple additivity of the 1PL model is lost. An
item can both be harder for those with low ability and easier with those with high ability (b=2) than
less discriminating items (b = 1, .5). Lines drawn with e.g., curve(logistic(x,b=2)).

will improve the Þt of the model and can be argued for in clinical assessment it would seem
that that the continued addition of parameters at some point leads to an overly complicated
(but well Þtting) model (Figure 8.5 lower panel). The model is

P(x|θi ,δ j ,γ j ,ζ j ) = γ j +
ζ j ! γ j

1+ eα j (δ j ! θi
. (8.26)

When considering the advantages of these more complicated IRT models as compared to
classic test theory Reise and Waller (2009) note that only with proper IRT scoring can we
detect the large di!erences between individuals who di!er only slightly on total score. This
is the case for extremely high or low trait scores that are not in the normal range.
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Fig. 8.5 The 3PL model adds a lower asymptote ( γ) to model the e"ect of guessing. The 4PL model
adds yet another parameter ( ζ ) to reßect the tendency to never respond to an item. As the number
of parameters in the IRT model increases, the Þt tends to be better, but at the cost of item by ability
interactions. It is more di!cult to make inferences from an item response if the probability of passing
or endorsing an item is not an additive function of ability and item di!culty.

8.2 Polytomous items

Although ability items are usually scored right or wrong, personality items frequently have
multiple response categories with a natural order. In addition, there is information that
can be obtained from the pattern of incorrect responses in multiple choice ability items.
Techniques addressing these type of items were introduced bySamejima(1969) and discussed
in great detail by Ostini and Nering (2006); Reise et al. (1993); Samejima (1996); Thissen
and Steinberg(1986).
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8.2.1 Ordered response categories

A typical personality item might askÒHow much do you enjoy a lively partyÓwith a Þve point
response scale ranging from Ò1: not at allÓ to Ò5: a great dealÓ with a neutral category at 3.
The assumption is that the more sociable one is, the higher the response alternative chosen.
The probability of endorsing a 1 will increase monotonically the less sociable one is, the
probability of endorsing a 5 will increase monotonically the more sociable one is. However,
to give a 2 will be a function of being above somethreshold between 1 and 2 and below some
threshold between 2 and 3. A possible response model may be seen in Figure8.6-left panel.
This graded response modeis based upon the early work ofSamejima (1969) who discussed
how a n alternative scale reßectsn-1 thresholds for normal IRT responses (Figure8.6-right
panel). The probability of giving the lowest response is just the probability of not passing
the Þrst threshold. The probability of the second response is the probability of passing the
Þrst threshold but not the second one, etc. For the 1PL or 2PL logistic model the probability
of endorsing thekth response is a function of ability, item thresholds, and the discrimination
parameter and is

P(r = k|θi ,δk,δk! 1,αk) = P(r|θi ,δk! 1,αk) ! P(r|θi ,δk,αk) =
1

1+ eαk(δk! 1! θi )
!

1
1+ eαsk(δk! θi )

(8.27)
where all bk are set to bk = 1 in the 1PL Rasch case.
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Fig. 8.6 The response probability to the Þve alternatives of ordered categories will be monotonically
decreasing (for the lowest alternative), single peaked (for the middle alternatives, and monotonically
increasing for the highest alternative (left panel). These Þve response patterns are thought to reßect
four response functions (right panel). The di!culty thresholds are set arbitrarily to -2, -1, 1, and 2.

Because the probability of a response in a particular category is the di!erence in proba-
bilities of responding to a lower and upper threshold, thegraded response modelis said to be
a di"erence model Thissen and Steinberg(1986, 1997) which is distinguished from a family
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of models known asdivide by total models. These model include therating scale model in
which the probability of response is the ratio of two sums:

P(Xi = x|θ ) =
e# x

s= 1(θ ! δi ! τs)

m

#
q= 0

e#
q
s= 1(θ ! δi ! τs)

(8.28)

whereτs is the the di"culty associated with the s response alternatives and the total number
of alternatives to the item is m (Sijtsma and Hemker, 2000).

Estimation of the graded response modelmay be done with the grm function in the ltm
package and of therating scale modelwith the RSMfunction in the eRm package. Consider the
Computer Anxiety INdex or CAIN inventory discussed byBond and Fox (2007) and available
either from that text or an online repository at http://homes.jcu.edu.au/~edtgb/book/
data/Cain.dat.txt . Some of the CAIN items as presented need to be reversed scored before
analysis can proceed. Doing so using thereverse.code function allows an analysis using the
grm function.

Table 8.2 The grm function in the the ltm package may be used to analyze the CAIN data set from
Bond and Fox (2007) using a graded response model . The data are made available as a supplement
to Bond and Fox (2007) and may be retrieved from the web at http://homes.jcu.edu.au/~edtgb/
book/data/Cain.dat.txt. Some of the items need to be reverse coded before starting. The model was
constrained so that all items had an equal discrimination parameter. The coef function extracts the
cutpoints from the analysis, the order function allows for sorting the items based upon their Þrst
threshold and headtail reports the Þrst and last four lines.

keys <- c(-1,-1,-1,-1,1,-1,1,-1,1,-1,1,1,-1,1,-1,-1,-1,1,1,1,1,1,1,1,1,-1)
rev.cain <- reverse.code(keys,cain,mini=rep(1,26),maxi=rep(6,26))
cain.grm <- grm(rev.cain,constrained=TRUE)
cain.coef <- coef(cain.grm)
sorted.coef <- cain.coef[order(cain.coef[,1]),]
headtail(sorted.coef)

Extrmt1 Extrmt2 Extrmt3 Extrmt4 Extrmt5 Dscrmn
Item 21 -5.02 -3.26 -2.71 -1.91 -0.42 1.15
Item 1 -4.96 -2.69 -1.93 -0.35 1.7 1.15
Item 13 -4.81 -3.91 -3.01 -1.99 -0.48 1.15
Item 9 -4.48 -3.57 -2.69 -2.13 -1.07 1.15
... ... ... ... ... ... ...
Item 14 -3.15 -2.3 -1.39 -0.52 0.89 1.15
Item 23 -2.94 -1.96 -1.1 -0.21 0.85 1.15
Item 15 -2.36 -1.43 -0.6 0.35 1.41 1.15
Item 25 -1.02 -0.12 0.58 1.17 1.69 1.15

8.2.2 Multiple choice ability items

An analysis of the response probabilities for all the alternatives of a multiple choice test
allows for an examination of whether some distractors are behaving di!erently from others.
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This is particularly useful when examining how each item works in an item bank. With the
very large samples available to professional testing organizations, this can be done empirically
without model Þtting ( Wainer, 1989). But with smaller samples this can be done using the
item parameters (Thissen et al., 1989). In Figure 8.7 distractor D1 seems to be equally
attractive across all levels of ability, D2 and D3 decrease in their probability of response as
ability increases, and distractor D4 appeals to people with slightly less than average ability.
The correct response, while reßecting guessing at the lowest levels of ability increases in the
probability of responding as ability increases. This example, although hypothetical, is based
upon real items discussed byThissen et al. (1989) and Wainer (1989).
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Fig. 8.7 IRT analyses allow for the detection of poorly functioning distractors. Although the correct
response is monotonically increasing as a function of ability, and the probability of responding to
distractors D1...D3 decreases monotonically with ability, the distractor D4 (dotted line) seems to
appeal to people with slightly below average ability. This item should be examined more closely.
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8.3 IRT and factor analysis of items

At Þrst glance, the concepts offactor analysis as discussed in Chapter6 would seem to be very
di!erent from the concepts of Item Response Theory. This is not the case. Both are models of
the latent variable(s) associated with observed responses. Consider Þrst the case of one latent
variable. If the responses are dichotomous functions of the latent variable then the observed
correlation between any two responses (items) is a poor estimate of the underlying latent
correlation. The observedφ correlation is attenuated both because of the dichotomization,
but also if there are any di!erences in mean level for items. With the assumption of normally
distributed latent variables, the observed two x two pattern of resposnes may be used to
estimate the underlying, latent, correlations using the tetrachoric correlation . Consider 9
items simulated items generated with correlations with a latent variable of .3 to .6 and with
item response probabilities of .1 to .9.

If the correlations of all of the items reßect one underlying latent variable, then factor
analysis of the matrix of tetrachoric correlations should allow for the identiÞcation of the
regression slopes (α) of the items on the latent variable. These regressions are, of course just
the factor loadings. Item di"culty, δ j and item discrimination, α j may be found from factor
analysis of the tetrachoric correlations whereλ j is just the factor loading on the Þrst factor
and τ j is the normal threshold reported by the tetrachoric function.

δ j =
! τ

#
1! λ 2

j

(8.29)

and

α j =
λ j#

1! λ 2
j

(8.30)

8.4 Test bias and Di!erential Item Functioning

Wirth and Edwards (2007)

8.5 Non-monotone trace lines Ð the measurement of attitudes

8.5.1 Unfolding theory revisited

8.5.2 Political choice

Van Schuur and Kruijtbosch (1995)
Borsboom and Mellenbergh(2002)
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8.6 Item banking and item comparison

8.7 IRT and adaptive testing

8.8 Classical versus IRT models Ð does it make a di!erence?

McDonald (1999) Fan (1998) Embretson (1996) Zickar and Broadfoot (2009) Chernyshenko
et al. (2007)


